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Abstract
The early universe is dominated by phenomena at high temperatures. The thermal effects
decrease during evolution of the universe. However there are some phenomena, such as processes
inside stars and black holes, where the role of the temperature is important. Study of processes
involving gravitons at finite temperature is a viable means to understand gravitational processes
in the universe. Using the Thermo Field Dynamics formalism transition amplitudes involving
gravitons and fermions at finite temperature are calculated. In this approach our results consist
of two parts: one corresponding to the zero temperature part and the other corresponding to a
temperature dependent part.
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I. INTRODUCTION
In the beginning of the Universe gravity exhibits quantum features at extremely high
temperatures. For instance during the inflation epoch it is possible that time and tempera-
ture worked as entangled quantities [1]. The quantum effects at high temperature have been
analyzed in Kaluza-Klein cosmology [2]. The classical theories of gravity, Einstein (general)
theory and teleparallel gravity, have provided in depth understanding of the universe at zero
temperature. The teleparallel gravity, formulated in terms of torsion, is an alternative theory
of gravitation and dynamically equivalent to Einstein relativity, in terms of the curvature
of space [3, 4]. The difference between them resides in the definition of gravitational energy
and angular momentum. It is interesting to note that the graviton propagator obtained from
the teleparallel Lagrangian density is different from the one generated in general relativity.
Recently the scattering of gravitons and fermions in the framework of teleparallel gravity [5]
was considered. However still finite temperature needs to be incorporated in these scattering
processes.
In order to treat the dynamics of systems properly temperature has to be incorporated.
Temperature effects may be introduced by two equivalent methods: (i) the imaginary time
formalism or the Matsubara formalism [6] and (ii) the real time formalisms. There are two
distinct, but equivalent methods: (a) the closed time path formalism [7] and (b) the Thermo
Field Dynamics (TFD) method [8–12]. Here the TFD method is chosen. In this formalism
the expectation value of a physical observable A in a thermal vacuum, |0(β)〉, is interpreted
as the statistical average, i.e., 〈0(β)|A|0(β)〉 = 〈A〉, where β = 1
kBT
with T being the temper-
ature and kB the Boltzmann constant. In order to satisfy this relation between expectation
value of A in a thermal vacuum and statistical average, 〈A〉, is necessary to extend the
usual Hilbert space S to ST = S ⊗ S˜, where S˜ is a fictitious Hilbert space. These two
spaces are connected by Bogoliubov transformations, which introduce temperature effects.
The Bogoliubov transformation introduces a rotation in the tilde and nontilde operators.
In addition, the propagators in TFD are written as the sum of two parts: one part of the
propagator is zero temperature while the other corresponds to the finite temperature.
The paper is structured in the following form. In section II, the Lagrangian density
describes a free fermion and graviton field and the interaction between them. In section III,
the Thermo Field Dynamics is introduced. In sections IV and V, the graviton and fermion
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propagators at finite temperature are presented. In section VI, the interaction between
gravitons and fermions at finite temperature is analyzed. Finally in the last section some
concluding remarks are presented.
II. LAGRANGIAN DENSITY
In this section the lagrangian density of the interacting teleparallel gravity and fermionic
field is presented. Here gravitation is described by teleparallelism formalism. Such a theory
is formulated in terms of the tetrad field, which is related to the metric, gµν = e
a
µeaν , in a
space-time with torsion. This space-time is called Weitzenbo¨ck space which is endowed with
Cartan connection, Γµλν = eaµ∂λe
a
ν . The skew symmetric part of the torsion is
T a λν = ∂λe
a
ν − ∂νe
a
λ . (1)
In the tetrad field latin indices, a, represent the Lorentz group and greek indices, µ, indicate
the transformation of coordinates. The Cartan connection satisfies the identity
Γµλν =
0Γµλν +Kµλν , (2)
where
Kµλν =
1
2
(Tλµν + Tνλµ + Tµλν) (3)
is the contortion tensor. Now it is possible to relate the torsion tensor to the scalar curvature
defined in a Riemann space. As a consequence the Hilbert-Einstein Lagrangian density
assumes the following form in Weitzenbo¨ck space
eR(0Γ) ≡ −e(
1
4
T abcTabc +
1
2
T abcTbac − T
aTa) + 2∂µ(eT
µ) , (4)
where e is the determinant of the tetrad field, Ta = T
b
ba and Tabc = eb
µec
νTaµν . If the
last term (total divergence) is dropped, since it does not affect the field equation, then the
gravitational Lagrangian density is
LG = −ke(
1
4
T abcTabc +
1
2
T abcTbac − T
aTa) , (5)
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where k = 1/16π. It can be rewritten as
LG ≡ −keΣ
abcTabc , (6)
where
Σabc =
1
4
(T abc + T bac − T cab) +
1
2
(ηacT b − ηabT c) . (7)
Since this Lagrangian density is equivalent to that of Einstein relativity: then both theories
are dynamically equivalent. Hence this Lagrangian density (LG) is used to calculate all
processes related to gravitons.
The complete Lagrangian density that describes the interaction between gravitons and
fermions is given by
L = LG + LM , (8)
where LM stands for the fermion field coupled to gravity. It is given by
LM = e
[
i
2
(
ψ¯γµDµψ −Dµψ¯γ
µψ
)
−mψ¯ψ
]
, (9)
with Dµ = ∂µ +
i
4
KµabΣ
ab and Σab = i
2
[γa, γb], ψ is the Fermi field with mass m, ψ¯ = ψ†γ0
and γµ are Dirac matrices. Thus the fermionic Lagrangian density is separated into two
parts as LM = LF + LGF , where
LF = e
[
i
2
(
ψ¯γµ∂µψ − ∂µψ¯γ
µψ
)
−mψ¯ψ
]
, (10)
stands for the free fermion field and
LGF = −
e
8
(
ψ¯γµKµabΣ
abψ + ψ¯KµabΣ
abγµψ
)
, (11)
describes the interaction between fermions and gravitons.
III. THERMO FIELD DYNAMICS - TFD
Here a brief introduction to TFD formalism is presented. This formalism is constructed
with two ingredients: (i) a doubling of the Fock space, S, giving rise to ST = S ⊗ S˜,
applicable to equilibrium systems. The physical quantities are described by the nontilde
operators. (ii) Bogoliubov transformation introduces thermal effects through a rotation in
the tilde and nontilde operators. The Bogoliubov transformations for bosons and fermions
are distinct.
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A. For bosons
Bogoliubov transformations for bosons are
Aaµ(k) = cBAaµ(k, β) + dBA˜
†
aµ(k, β),
A†aµ(k) = cBA
†
aµ(k, β) + dBA˜aµ(k, β),
A˜aµ(k) = cBA˜aµ(k, β) + dBA
†
aµ(k, β),
A˜†aµ(k) = cBA˜
†
aµ(k, β) + dBAaµ(k, β), (12)
where (A†aµ, A˜
†
aµ) are creation operators, (Aaµ, A˜aµ) are destruction operators and
c2B = 1 + fB(ω), d
2
B = fB(ω), fB(ω) =
1
eβω − 1
. (13)
Here ω = ω(k). These thermal operators satisfy the algebraic relations[
Aaµ(k, β), A
†
bν(p, β)
]
= δ3(k − p)ηab gµν ,[
A˜aµ(k, β), A˜
†
bν(p, β)
]
= δ3(k − p)ηab gµν , (14)
and other commutation relations are null.
B. For fermions
Bogoliubov transformations for fermions are
Aaµ(k) = cFAaµ(k, β) + dF A˜
†
aµ(k, β),
A†aµ(k) = cFA
†
aµ(k, β) + dF A˜aµ(k, β),
A˜aµ(k) = cF A˜aµ(k, β)− dFA
†
aµ(k, β),
A˜†aµ(k) = cF A˜
†
aµ(k, β)− dFAaµ(k, β), (15)
with
c2F = 1− fF (ω), d
2
F = fF (ω), fF (ω) =
1
eβω + 1
. (16)
In this case the algebraic relations are{
Aaµ(k, β), A
†
bν(p, β)
}
= δ3(k − p)ηab gµν ,{
A˜aµ(k, β), A˜
†
bν(p, β)
}
= δ3(k − p)ηab gµν . (17)
Other commutation relations are null.
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IV. THE GRAVITON PROPAGATOR AT FINITE TEMPERATURE
The graviton propagator in weak field approximation is defined as
iDklabµν(x− y) =
〈
0(β)
∣∣τ [ekaµ(x)elbν(y)]∣∣ 0(β)〉 , (18)
where τ is the time ordering operator, k, l = 1, 2 and a, b, µ, ν are tensor indices. In this
approximation gµν = ηµν+hµν . In teleparallel gravity the fundamental tetrad field is eaµ(x).
A Fourier expansion of this field is written as
eaµ(x) =
∫
d3k√
2ωk(2π)3
(
Aaµ(k)e
−ikσxσ + A†aµ(k)e
ikσxσ
)
, (19)
where Aaµ(k) and A
†
aµ(k) are the annihilation and creation operators, respectively.
The propagator in TFD is a thermal doublet and has 2×2 matrix structure. Using the
thermal doublet notation, 
 e1aµ
e2aµ

 =

 eaµ
e˜†aµ

 , (20)
the component k = l = 1 is written explicitly as
iD11abµν(x− y) = θ(tx − ty) 〈0(β) |[eaµ(x)ebν(y)]| 0(β)〉
+ θ(ty − tx) 〈0(β) |[ebν(y)eaµ(x)]| 0(β)〉 , (21)
where θ(tx−ty) is the step function. For simplicity, the components are calculated separately.
Substituting the fundamental field, eq. (19), the 11-component of the propagator becomes
iD11abµν(x− y) = θ(tx − ty)
∫
d3k√
2ωk(2π)3
∫
d3p√
2ωp(2π)3
× (22)
× 〈0(β)|(Aaµ(k)e
−ikσxσ + A†aµ(k)e
ikσxσ)(Abν(p)e
−ipσyσ + A†bν(p)e
ipσyσ)|0(β)〉
+ θ(ty − tx)
∫
d3p√
2ωp(2π)3
∫
d3k√
2ωk(2π)3
×
× 〈0(β)|(Abν(p)e
−ipσyσ + A†bν(p)e
ipσyσ)(Aaµ(k)e
−ikσxσ + A†aµ(k)e
ikσxσ)|0(β)〉.
Using the Bogoliubov transformations, eqs. (12), we get
iD11abµν(x− y) = θ(tx − ty)
∫
d3k√
2ωk(2π)3
∫
d3p√
2ωp(2π)3
× (23)
× 〈0(β)|[c2BAaµ(k)A
†
bν(p)e
−ikσxσ+ipσyσ + d2BA˜aµ(k)A˜
†
bν(p)e
ikσxσ−ipσyσ ]|0(β)〉
+ θ(ty − tx)
∫
d3p√
2ωp(2π)3
∫
d3k√
2ωk(2π)3
×
× 〈0(β)|[c2BAbν(p)A
†
aµ(k)e
−ipσyσ+ikσxσ + d2BA˜bν(p)A˜
†
aµ(k)e
ipσyσ−ikσxσ ]|0(β)〉.
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Assuming that commutation relations, eqs. (14), are satisfied, this component of the graviton
propagator becomes
iD11abµν(x− y) = −
∫
d3k
(2π)3
1
2ωk
ηab ηµν
{
c2B
[
θ(tx − ty)e
−ikσ(xσ−yσ) + θ(ty − tx)e
ikσ(xσ−yσ)
]
+ d2B
[
θ(tx − ty)e
ikσ(xσ−yσ) + θ(ty − tx)e
−ikσ(xσ−yσ)
]}
, (24)
where the integral over d3p has been calculated. Using the Cauchy theorem∫
dk0
e−ik0(x0−y0)
k0 − (ωk − iξ)
= −2πie−iωk(x0−y0)θ(x0 − y0),∫
dk0
e−ik0(x0−y0)
k0 − (−ωk + iξ)
= 2πieiωk(x0−y0)θ(y0 − x0), (25)
the 11-component is given as
D11abµν(x− y) = −
∫
d4k
(2π)4
e−ikσ(x
σ−yσ)ηab ηµν
[
c2B
k20 − (ωk − iǫ)
2
−
d2B
k20 − (ωk + iǫ)
2
]
. (26)
Similarly the component k = 1 and l = 2 is written as
iD12abµν(x− y) = θ(tx − ty)〈0(β)|[eaµ(x)e˜
†
bν(y)]|0(β)〉
+ θ(ty − tx)〈0(β)|[e˜
†
bν(y)eaµ(x)]|0(β)〉. (27)
Following similar steps used for the 11-component, we get
D12abµν(x− y) = −
∫
d4k
(2π)4
e−ikσ(x
σ−yσ)ηab ηµν
[
cBdB
k20 − (ωk − iǫ)
2
−
cBdB
k20 − (ωk + iǫ)
2
]
. (28)
Then for the component k = 2 and l = 1 we have
D21abµν(x− y) = D
12
abµν(x− y). (29)
Finally the 22-component is
D22abµν(x− y) = −
∫
d4k
(2π)4
e−ikσ(x
σ−yσ)ηab ηµν
[
d2B
k20 − (ωk − iǫ)
2
−
c2B
k20 − (ωk + iǫ)
2
]
. (30)
The graviton propagator at finite temperature is
Dklabµν(x− y) = i
∫
d4k
(2π)4
e−ikσ(x
σ−yσ)Dklabµν(k), (31)
where
−iDklabµν(k) =

 c2Bk20−(ωk−iǫ)2 − d2Bk20−(ωk+iǫ)2 cBdBk20−(ωk−iǫ)2 − cBdBk20−(ωk+iǫ)2
cBdB
k2
0
−(ωk−iǫ)2
− cBdB
k2
0
−(ωk+iǫ)2
d2B
k2
0
−(ωk−iǫ)2
−
c2B
k2
0
−(ωk+iǫ)2

 ηab ηµν . (32)
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Using relations given in eq. (13), the propagator is separated as
−iDklabµν(k) = −iD
kl
(0)abµν(k)− iD
kl
(β)abµν(k), (33)
where Dkl(0)abµν(k) and D
kl
(β)abµν(k) are zero and finite temperature components respectively.
Explicitly
−iDkl(0)abµν (k) = ηab ηµν
[
k20 − (ωk − iǫξ)
2
]−1
ξ (34)
and
−iDkl(β)abµν(k) = −ηab ηµν
2πiδ(k20 − ω
2
k)
eβωk − 1

 1 eβωk/2
eβωk/2 1

 , (35)
where
ξ =

 1 0
0 −1

 . (36)
The 11-component yields the physical graviton propagator at zero temperature as
Dabµν(k) =
iηab
kµkν
. (37)
V. THE ELECTRON PROPAGATOR AT FINITE TEMPERATURE
The electron propagator is defined as
Sklµν(x− y) = θ(tx − ty)〈0(β)|ψ
k
µ(x)ψ¯
l
ν(y)|0(β)〉
− θ(ty − tx)〈0(β)|ψ¯
l
ν(y)ψ
k
µ(x)|0(β)〉, (38)
where ψ¯(y) = ψ†(y)γ0 and µ, ν are the spinor indices. Using
ψ(x) =
∑
r
∫
d3k
[
ur(k)ar(k)ei(k·x−ξkt) + vr(k)br†(k)e−i(k·x−ξkt)
]
, (39)
where ar(k) and br(k) are annihilation operators for electrons and positrons, respectively,
and Dirac spinors are ur(k) and vr(k). Then the electron propagator at finite temperature
becomes [13]
Sabµν(k) =
(
γ0ξ − ~γ · ~k +m
2ξ
)
µν
[
UF (ξ)(k0 − ξ + iδτ)
−1U †F (ξ)
]ab
+
(
γ0ξ + ~γ · ~k −m
2ξ
)
µν
[
UF (−ξ)(k0 + ξ + iδτ)
−1U †F (−ξ)
]ab
, (40)
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where Bogoliubov transformations, eqs. (15), are used. Here ξ ≡ ξ(k) and
UF (ξ) =

 cF (ξ) dF (ξ)
−dF (ξ) cF (ξ)

 , (41)
with cF (ξ) and dF (ξ) are given by eq. (16).
The electron propagator is separated into two parts as
Sµν(k) = S
(0)
µν (k) + S
(β)
µν (k), (42)
where S
(0)
µν (k) and S
(β)
µν (k) are zero and finite temperature parts respectively. Explicitly
−iS(0)µν (k) =
/k +m
k2 −m2
, (43)
−iS(β)µν (k) =
2πi
eβk0 + 1
[
γ0ǫ− ~γ · ~k +m
2ǫ

 1 eβk0/2
eβk0/2 −1

 δ(k0 − ǫ)
+
γ0ǫ+ ~γ · ~k −m
2ǫ

 −1 eβk0/2
eβk0/2 1

 δ(k0 + ǫ)
]
. (44)
VI. GRAVITONS-FERMIONS INTERACTIONS
In this section transition amplitudes, M, for the M∅ller scattering, the Compton scat-
tering and a new gravitational scattering process are calculated.
A. Propagators
The graviton and fermion propagators are represented in FIG.1 and FIG.2, respectively.
FIG. 1. Graviton propagator
FIG. 2. Electron propagator
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B. Vertex factors
The vertex of the interaction between two gravitons and two fermions is
V abσν =
ie
8
Σabησν (γµq2µ + q2µγ
µ) , (45)
and is represented in FIG.3.
FIG. 3. Graviton-Fermion Vertex
The fermion-graviton vertex is
Vbσ =
ie
4
Σbσ (γµqµ + qµγ
µ) , (46)
where the approximation eaν = δaν + φaν , with δaν being the Kronecker delta and a weak
field approximation for φaν is used [5]. This vertex is represented in FIG.4.
FIG. 4. Graviton-Fermion Vertex
C. Transition amplitudes at finite temperature
1. M∅ller scattering
The M∅ller scattering process is described in FIG. 5.
The transition amplitude is
− iM = u¯(p2)V
bσu(p1)Dbdσγ(q)u¯(p4)V
dγu(p3), (47)
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FIG. 5. M∅ller scattering
where Vbσ is the vertex and Dbdσγ(q) is the graviton propagator at finite temperature. The
transition amplitude for this scattering consist of two parts
M =M(0) +M(β), (48)
where M(0) and M(β) are zero and finite temperature components respectively. Zero tem-
perature transition amplitude is
M(0) =
e2
16
u¯(p2)u(p1) (γ
µqµ + qµγ
µ)Σd
σΣd σ ×
×
[
ξ
q20 − (ωq − iǫξ)
2
]
(γνqν + qνγ
ν) u¯(p4)u(p3), (49)
and the finite temperature part is
M(β) =
e2
16
u¯(p2)u(p1) (γ
µqµ + qµγ
µ)Σd
σΣd σ ×
×

2πiδ(q20 − ω2q )
eβωq − 1

 1 eβωq/2
eβωq/2 1



 (γνqν + qνγν) u¯(p4)u(p3), (50)
where Σd
σΣd σ = ηbd ησγΣ
dσΣdγ .
2. Compton scattering
The Compton scattering process is given in FIG. 6.
FIG. 6. Compton scattering
The transition amplitude is
− iM = u¯(p2)V
bσS(p)ηbc ησνV
cµu(p1), (51)
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then
M =
e2
16
u¯(p2)Σ
bσ (γµq1µ + q1µγ
µ) Σbσ (γ
αq2α + q2αγ
α)u(p1)×
×
{(
/p+m
p2 −m2
)
+
2πi
eβp0 + 1
[
γ0ǫ− ~γ · ~p+m
2ǫ

 1 eβp0/2
eβp0/2 −1

 δ(p0 − ǫ)
+
γ0ǫ+ ~γ · ~p−m
2ǫ

 −1 eβp0/2
eβp0/2 1

 δ(p0 + ǫ)
]}
. (52)
Here the first part corresponds to the zero temperature case and the second and third parts
are finite temperature effects.
3. A gravitational scattering at finite temperature
In the framework of the teleparallel gravity, there is a particular scattering process as
given in FIG. 7. For this process the transition amplitude is
FIG. 7. A gravitational scattering
− iM = u¯(p2)V
bσu(p1)Dbdσγ(q2)u¯(p4)V
dγu(p3), (53)
which at finite temperature yields
M =
e2
16
u¯(p2) (γ
µq1µ + q1µγ
µ) u(p1)Σd
σΣdσ u¯(p4) (γ
νq3ν + q3νγ
ν) u(p3)×
×

 ξ
q220 − (ω2q − iǫξ)
2
+
2πiδ(q220 − ω
2
2q)
eβω2q − 1

 1 eβω2q/2
eβω2q/2 1



 . (54)
The first term corresponds to the zero temperature results and the second part is finite
temperature effects.
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VII. CONCLUSIONS
Transition amplitudes for interactions of fermions and gravitons are calculated at finite
temperature. The gravitons are described by the teleparallel gravity in the weak field ap-
proximation, an alternative theory of gravitation which is formulated in a space with torsion.
Teleparallel gravity provides a viable expression to deal with the interaction of gravitons and
fermions since their coupling is due to the contorsion. The temperature of such processes is
introduced by Thermo Field Dynamics which has the advantage of preserving the temporal
coordinate. The scattering between gravitons and fermions at finite temperature may have
been important in the formation of matter in the development of the universe when the
temperature was higher and effects of quantum gravity were relevant.
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